We study the effect of spontaneously generated coherence ͑SGC͒ on two-photon correlation in a doublecascade scheme. An analytical expression for two-photon correlation is obtained and analyzed. The SGC and asymmetry in the two cascade channels provide a "sinelike" interference term that distorts the profile of the correlation. We show that the SGC term contains nonclassical features that are identical to the spontaneous Raman electromagnetic-induced transparency scheme which shows antibunching. Yet the correlation shows bunching instead of antibunching, and this is explained. We consider all possible transitions and find that photon antibunching is not possible in the double-cascade scheme.
I. INTRODUCTION
Quantum interference in quantum optics occurs when there are two or more identical channels in a transition. The simplest example is classic Fano interference ͓1͔ from a continuum of upper states to a ground state. Perhaps the simplest model is a three-level "V" configuration, where two upper levels decay down to a single level ͓2͔. There is no quantum interference for the reverse, where a single upper level decays into two or more levels in ⌳ configuration. This distinction is a unique manifestation of the quantum electrodynamic effect. It involves spontaneous emission, which creates asymmetry between the V configuration and the ⌳ configuration. When the upper levels in the V scheme are coupled via a coherent field they acquire a phase relation and quantum interference. This is the basis for electromagneticinduced transparency ͑EIT͒ and quantum beat ͓3͔ which spawn many interesting quantum coherence phenomena. Another intriguing quantum effect is the interference of two decay channels with nonorthogonal electric-dipole transition matrix elements. This so-called "spontaneously generated coherence" ͑SGC͒ ͓4͔ gives rise to a nonexponential decay with spectral dip and narrowing in the V scheme ͓5͔, cancellation of spontaneous emission ͓6͔, and modified decay dynamics ͓7͔. Other effects of such coherence have also been found in the ⌳ scheme ͓8͔.
By combining the V and ⌳ schemes, we have the doublecascade scheme ͓Fig. 1͑a͔͒. This scheme has been studied in the context of efficient frequency up-conversion ͓9͔. The two sets of transitions, ͉a͘ → ͉b 1 ͘, ͉a͘ → ͉b 2 ͘ and ͉b 1 ͘ → ͉c͘, ͉b 2 ͘ → ͉c͘, are similar to the spontaneous Raman-EIT scheme ͓Fig. 1͑b͔͒ ͓10͔ ͑somewhat in common with the quantum eraser scheme ͓11͔͒ with the ␦ spacing between the real states ͉b 1 ͘ and ͉b 2 ͘ depending on the chosen atomic levels 
The oscillations become more rapid as the detuning increases from ␦ =10⌫ a 1 to ␦ =50⌫ a 1 . ͑b͒ Spontaneous instead of the driving field. Here, there is no resonant driving field which would create antibunching in the two-photon correlation G ͑2͒ . Such nonclassical correlation is of interest, particularly for quantum communications with entangled photons.
In Sec. II, we present atom-field dynamics for the doublecascade system and show how the SGC terms of the form ͱ⌫ b 1 ⌫ b 2 arise. We then obtain an analytical expression for the Glauber's G ͑2͒ in Sec. III. The physics of the expression is discussed in Sec. IV which focuses on the possible contribution of the SGC terms to antibunching and connections to the single-cascade and Raman-EIT schemes. In Sec. V, we consider all possible configuration decay transitions in search for antibunching and explain why antibunching is not found even with SGC. In Sec. VI, we compare overdamp and oscillatory regimes, and analyze the effects of SGC and asymmetric channels based on numerical results.
II. ATOM-FIELD DYNAMICS
The full quantum calculations of the atom-field dynamics for Fig. 1͑a͒ starts with the Hamiltonian
͑1͒
with the detunings ⌬ jk = k − ab j and ⌬ jq = q − b j c and the transition frequencies ab j = a − b j and
We consider the atom to be initially in the upper level a and the radiation in vacuum state, which then decays to levels b 1 and/or b 2 followed by the spontaneous emission of a photon with frequency ab 1 and/or ab 2 , and from where it decays to the ground level c with the emission of a photon with frequency b 1 c and/or b 2 c . The atom-radiation state vector can be written as
The details of solving the coupled equations obtained using the Schrödinger equation are given in Appendix A. The excited decay rate is essentially independent of the presence of the cross decay, which turns out to be the sum of the two decay rates,
where, from Eq. ͑A13͒, ⌫ a = ⌫ a 1 + ⌫ a 2 with ⌫ a j =2͉g j ͑ ab j ͉͒ 2 D͑ ab j ͒. In free space, the excited dynamic is not affected by the cross-decay terms and it evolves as if the transitions b 1 → c and b 2 → c were orthogonal.
The transient coefficients for the intermediate states are found ͓taking A͑0͒ =1͔ as
with 
where 
.
͑6͒
Note that R depends on ␦ = b 1 − b 2 ͑the separation between ͉b 1 ͘ and ͉b 1 ͒͘ and ͑b j ͒ , the SGC terms defined above and in Eq. ͑A6͒. The decay rates from levels b 1 and b 2 to level c are defined by
The superscript ͑b j ͒ implies that the frequency is evaluated at b j c . A similar expression is obtained for B 2k ͑t͒ by interchanging 1 ↔ 2.
In the long-time limit, the coefficients B 1k ͑t͒ and B 2k ͑t͒ vanish, although at slower rates due to quantum interference. A transient solution for the ground-state coefficient C k,q ͑t͒ can be obtained by inversion of Eq. ͑A15͒. But most of the physics can be gleaned by analyzing the steady-state solution
where
͒ is the mean detuning for the q photon. The probability in level c can be calculated from the solutions for B jk above using
In the steady state, we verify that ͚ k,q ͉C k,q ͑ϱ͉͒ 2 → 1. Despite the presence of the SGC terms which give quantum interference ͓6͔, the atom continues to decay from levels b j to level c. Quantum interference may alter the dynamics of the decay process but not the equilibrium state ͓7͔. It can give rise to zero transition probability only in the transient regime. Decay is still present; the populations end up in the ground level c in the long-time limit. This is not surprising because the dissipative mechanism is a property of the quantum vacuum and cannot be inhibited via quantum interference originating from the level scheme itself. It can only be altered externally-for example, using laser fields ͓12͔ or structures that modify the vacuum density of modes ͓13͔.
III. TWO-PHOTON CORRELATION
We now reach the central part of the paper. The partial amplitude for the two-photon correlation G ͑2͒ = ͉͑B , A͒ + ͑A , B͉͒ 2 can be written as ͓14͔
which corresponds to the case where photon k and photon q are detected by detectors A and B, respectively. The ͑A , B͒ is the same as ͑B , A͒ with A and B interchanged. By using filters, we can negate the possibility of having ͑A , B͒. The derivation of ͑B , A͒ is given in Appendix B. The main result, from Eqs. ͑B9͒ and ͑B10͒, can be rewritten as
IV. PHYSICS AND CONNECTIONS
The essence of Eq. ͑9͒ is the effects of the SGC terms on the two-photon correlation. There is SGC only when the transition a-b j is not orthogonal to b l -a and the transition b 1 -c is not orthogonal to c-b 2 . Let us reflect on Eq. ͑9͒ and establish the physical connections.
A. Absence of SGC and single-cascade scheme
Even if there is no SGC, the two decay channels ͑a-b 1 -c and a-b 2 -c͒ can still interfere provided ␦ 0, but the interference is classical, essentially due to the beating of frequencies in the two decay channels. The correlation is classical FIG. 2 . ͑Color online͒ Correlations with bunching plotted using Eq. ͑9͒ for ͑a͒ overdamp versus oscillatory regimes: ␦ = 0.8⌫ a1 ͑thin line͒ and ␦ = 1.6⌫ a1 ͑thick line͒, with 12 = 1.5. ͑b͒ Effect of SGC for ␦ =2⌫ a1 : without SGC 12 =0 ͑thin line͒ with minima at / 2 = 1.57 and 3 / 2 = 4.71, with SGC using 12 =1 ͑thick line͒. ͑c͒ Effect of asymmetric channels with ␦ =5⌫ a1 : ဧ cb 2 = ဧ cb 1 = ဧ b 2 a = ဧ b 1 a ͑thin line͒ and
with bunching at =0 ͓see Fig. 1͑a͔͒ . From Eq. ͑6͒ we see the oscillations have a period of 2 / ␦ and become more rapid when ␦ increases. When ␦ = 0, we have the usual threelevel cascade result ͓3͔ ͑B , A͒ ϰ e −⌫ 1 /4 ͑since R =0͒ with no oscillations.
B. Connection with spontaneous Raman-EIT scheme
The R in Eq. ͑6͒ is analogous to ⍀ = ͱ ⍀ 2 − ⌫ 2 / 4 in the Raman-EIT scheme ͓Fig. 1͑b͔͒, with ͉␦͉ corresponding to ⍀ and the threshold ͱ ͑b 1 ͒ ͑b 2 ͒ between overdamp and oscillatory regimes corresponding to ⌫. Note that the threshold arises from the SGC. The effect of large ␦ is the same as the driving field ⍀ in the Raman-EIT scheme; i.e., it increases the oscillations. Thus, the present double-cascade scheme ͓Fig. 1͑a͔͒ is somewhat in common to the spontaneous Raman-EIT scheme ͓Fig. 1͑b͔͒.
C. Origins of antibunching terms
Equation ͑9͒ contains nonclassical "sinelike" term ͑e R − e −R ͒ that is due to SGC and asymmetry in the decay channels 1 and 2. This term alone would give antibunching and quantum interference with oscillations if the detuning exceeds the threshold-i.e., ␦ Ͼ ͱ ͑b 1 ͒ ͑b 2 ͒ . But these features may not show up because the "sinelike" term is superposed on to the "cosinelike" term ͑e R + e −R ͒, which gives classical interference.
The physical origin of SGC is the phase coherence between b 1 and b 2 as a result of spontaneously generated coupling, just like the Autler-Townes dressed states ͉ϩ͘ and ͉Ϫ͘ ͑in the Raman-EIT scheme͒ split by an amount ⍀ , which are coherently coupled by the driving field.
V. SEARCH FOR ANTIBUNCHING
In the following, we analyze Eq. ͑9͒ for the different possible transitions shown in Fig. 3 . For simplicity, we consider that the two detectors A and B are oriented in the same direction; hence, we can neglect the superscript ͑d͒ of ဧ ␣␤ ͑d͒ in Eq. ͑B7͒.
A. Parallel and parallel + -− transitions
If the dipole matrix elements of the four transitions are real ͓ transition as in Fig. 3͑a͔͒ and approximately equal in magnitude-i.e., ဧ ជ cb 1 = ဧ 1 ẑ, ဧ ជ b 1 a = ဧ 1 Јẑ, ဧ ជ cb 2 = ဧ 2 ẑ, and ဧ ជ b 2 a Ӎ ဧ 2 Јẑ-then 12 = 1 and Eq. ͑9͒ simplifies to
where K is given by Eq. ͑10͒, = B − A , j = t − r j / c, with 
where x = ͑ ͑b 2 ͒ / ͑b 1 ͒ ͒ 1/2 . Here, the correlation is governed by hyperbolic functions and does not oscillate. Furthermore, if we assume all the dipole moments to be equal with x Ӎ 1, we find that the correlation is classical ͑bunching͒; i.e., G 
B. Parallel transitions
For the transitions in Fig. 3͑c͒ , we may take 
The result is the same as Eq. ͑11͒.
C. Open-loop transitions
The case of Fig. 3͑d͒ gives
͑x − iŷ͒ for Fig. 3͑e͒ . Here, the SGC terms are zero due to orthogonality and we have
Since cos 6 ␣ and sin 6 ␣ are positive, it is not possible to have antibunching.
D. Why no antibunching?
From the above analysis, we should be convinced that antibunching is not possible for the double-cascade scheme. Here, we can understand this by simple physical arguments. Even in the presence of SGC there is one important difference between the two schemes. For the Raman-EIT scheme, when photon k is emitted the atom goes to level b which is connected to level a by the driving field. It takes a duration of about ⍀ −1 to be transferred to level a, from where photon q is generated. Thus, photon q is unlikely to be emitted instantaneously after photon k is emitted and this leads to antibunching. In contrast for the double-cascade scheme, photon q is emitted ͑via decay from b j to c͒ instantaneously after photon k is emitted, giving photon bunching. The SGC cannot prevent this from happening; it only creates an additional nonclassical route to the overall two-photon emission process.
VI. DISCUSSION OF NUMERICAL RESULTS
The correlation in the absence of SGC and comparison with Raman-EIT correlation have been discussed in Sec. IV with reference to Figs. 1͑a͒ and 1͑b͒ . The effect of threshold due to the SGC via Eq. ͑6͒ is shown in Fig. 2͑a͒ : For ␦ = 0.8⌫ a1 ͑overdamp regime͒, we expect no oscillation. However, the small oscillation with a zero around ⌫ a1 Ӎ 2.3 is due to the presence of the mixed hyperbolic term: ͑B , A͒ ϳ cosh x − ␣ sinh x. This effect is seen more clearly when ͉ 12 ͉ Ͼ 1. For ␦ = 1.2⌫ a1 ͑oscillatory regime͒, the correlation is governed by trigonometric functions-i.e., ͑B , A͒ ϳ cos x − ␤ sin x. Equation ͑6͒ also tells us that for a fixed ␦ the presence of SGC increases the period of the oscillations.
The presence of the SGC effectively shifts the minima closer to = 0. This is due to the "sinelike" term ͑with zeros at around 0 , 2 / ␦ ,...͒, which adds to the "cosinelike" term ͑with zeros at around / ␦ ,3 / ␦ ,...͒ and can be seen in the oscillatory ͓Fig. 2͑b͔͒ regime.
If the two channels are highly asymmetric-i.e., Fig. 2͑c͒; i.e., there are nonzero values at the minima.
VII. CONCLUSION
In conclusion, we have studied the effects of spontaneously generated coherence on the two-photon correlation for a double-cascade scheme and discussed the similarities and contrasts of the physics in connections to the single-cascade and Raman-EIT schemes. We show that antibunching is not possible. The shift in the correlation profile by the SGC can be understood from the antibunching term which is superposed onto the bunching term. We also find that asymmetric channels in the scheme distort the correlation profile.
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APPENDIX A: SOLUTIONS OF COUPLED EQUATIONS
The Schrödinger equation gives the coupled equations where 
where and C k,q = C k,q e −i⌬ 1k t e −i⌬ 1q t . Solving the algebraic equations, we then obtain
and D k ± is defined by Eq. ͑5͒. We now show that the second term in Eq. ͑A9͒ vanishes. Under the Weisskopf-Wigner approximation and typically 
